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Abstract
In this paper we consider a two-component system of the Holm-Staley equation with no stretch-
ing and a one-parameter nonlinearity in the convection term. Point symmetries are found, condi-
tions for the existence of multipeakon and multikink solutions are determined. Solutions for the
1-peakon and 1-kink are explicitly obtained and they exhibit a behaviour quite different of their
analogous in the scalar equation.
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1
1 Introduction
In the work [7], the authors presented the 1-parameter family of equations mt + umx = bmux, m =
u − uxx, today known as the b-equation. It is also refereed as Holm-Staley (HS) equation and HS
b-family of equations as well due to the work of Holm and Staley [10, 11]. The terms umx and uxm
in the HS equation correspond, respectively, to convection and stretching, see [10] for further details.
In a more recent work [14], the authors deduced a weak multikink solution for the case b = 0, that is,
when the effects of stretching are not considered. It is convenient to name this very particular case
and therefore we shall refer to it by the suggestive name 0−HS equation. Based on these works, in
this paper we consider the coupled system, which we accordingly shall name 0−HS system,
mt = v
bmx, nt = u
bnx, (1)
where b is a positive integer, m = u− uxx, n = v − vxx, and deduce peakon and kink solutions for it
as done in section 3. Before, in section 2 we prove the main results of the paper.
2 Main Results
We recall that a Lie point symmetry of the system (1) is a one-parameter local group of diffeomorphisms
preserving the solutions of the system. Then, our first result can be formulated as the following:
Theorem 1. A basis to the Lie point symmetry generators of (1) is given by
X1 =
∂
∂x
, X2 =
∂
∂t
, Db = −bt
∂
∂t
+ u
∂
∂u
+ v
∂
∂v
(2)
for any b. If b = 1, in addition to (2) one has a fourth generator given by
X3 = −t
∂
∂x
+
∂
∂u
+
∂
∂v
. (3)
Proof. It follows immediately from the invariance condition, see [2, 13] and can be directed computed
from well known computational routines such as [8, 9].
Let φ be a continuous and real valued function defined on an interval I. One says that φ has a
peak at a point x0 ∈ I if: (1) φ is smooth on both I ∩ {z ∈ R; z < x0} and I ∩ {z ∈ R; z > x0}; (2)
the following relations hold 0 6= lim
ǫ→0+
φ′(x0 + ǫ) = − lim
ǫ→0+
φ′(x0 − ǫ) 6= ±∞.
A continuous function u(x, t) is said to have a peak at a point (x0, t0) if at least one of the functions
x 7→ u(·, t0) or t 7→ u(x0, ·) has a peak at x0 or t0, respectively. For further details, see [6, 12]. Finally,
we say that a (system of) differential equation has peakon solutions if it admits a solution having
a peak in the sense of what has just been discussed. A (system of) differential equation admits a
multipeakon solution if it has a solution which is a linear combination of functions having a peak.
From now on, the functions p, pi, P, Pj , q, qi, Q and Qj , where i = 1, . . . , N and j = 1, . . . ,M ,
are smooth functions depending on t and we assume that (p, q) 6≡ (0, 0) and (P,Q) 6≡ (0, 0) as well.
For sake of simplicity, we do not write its dependence with respect to the independent variable t.
Theorem 2. The pair (u, v) of functions given by
u(x, t) =
N∑
i=1
pie
−|x−qi|, v(x, t) =
M∑
i=1
Pie
−|x−Qi|, (4)
2
is a multipeakon solution of the system (1) if and only if the dynamical system
p′i = bpi

 M∑
j=1
Pje
−|qi−Qj |


b−1(
M∑
k=1
Pksgn(qi −Qk)e
−|qi−Qk|
)
,
P ′i = bPi

 N∑
j=1
pje
−|Qi−qj |


b−1(
N∑
k=1
pksgn(Qi − qk)e
−|Qi−qk|
)
, (5)
q′i = −

 M∑
j=1
Pje
−|qi−Qj |


b
, Q′i = −

 N∑
j=1
pje
−|Qi−qj |


b
is satisfied.
Proof. Let us consider u and v as in (4). Then, taking their distributional derivatives, we conclude
that
m =
N∑
i=1
piδ(x− qi), n =
M∑
i=1
Piδ(x −Qi). (6)
Substituting (4) and (6) into (1) we obtain (5). Conversely, supposing that pi, Pi, qi and Qi are given
by (5) and (u, v) by (4), a straightforward calculation of its weak derivatives shows that such pair is
a solution of (1) in the distributional sense.
Corollary 1. If u(x, t) = pe−|x−q|, v(x, t) = Pe−|x−Q| and if |sgn(q −Q)| = 1, then pb + P b =
κ, q′ =
(
κ/pb − 1
)
Q′, where κ is a constant. On the other hand, if q = Q, then p = c1, P = c2 and
c1 and c2 are constants satisfying the constraint c
b
1 = c
b
2.
Proof. In this case, system (5) is reduced to
p′ = b sgn(q −Q)pP b e−b|q−Q|, P ′ = b sgn(Q− q)P pb e−b|Q−q|,
q′ = −P b e−b|q−Q|, Q′ = −pb e−b|Q−q|.
It follows from the fact that p′/P ′ = −pq′/PQ′ = −P b−1/pb−1, if q 6= Q, for all t, or, in the case
q = Q, from the fact that both p and P are constants.
A kink is a monotonic and bounded function. One says that a differential equation has a kink
solution if it has a solution that is a kink. As in the multipeakon case, we say that an equation admits
a multikink solution if it has a solution that is a linear combination of kink functions.
Theorem 3. The pair (u, v) given as
u =
N∑
i=1
cisgn(x− pi)(e
−|x−pi| − 1), v =
M∑
i=1
c˜isgn(x− qi)(e
−|x−qi| − 1), (7)
3
where (c1, . . . , cN ) and (c˜1, . . . , c˜M ) are constants, is a multikink solution of the system (1) if, and only
if, the functions pi and qi satisfy the system
p′i = −

 M∑
j=1
c˜jsgn(pi − qj)(e
−|pi−qj | − 1)


b
, i = 1, . . . , N, (8)
q′i = −

 N∑
j=1
cjsgn(qi − pj)(e
−|qi−pj | − 1)


b
, i = 1, . . . ,M.
Proof. As in the multipeakon case, calculating the weak derivatives of (7) we obtainm = −
N∑
i=1
cisgn(x−
pi) and n = −
M∑
i=1
c˜isgn(x− qi). Substituting these expressions into (1), we conclude that it is a solu-
tion if (8) holds. Vice-versa, supposing that pi and qi are solutions of (8) and considering the linear
combination (7), then we conclude that it is a solution of (1).
Corollary 2. If u(x, t) = a1 sgn(x− p)(e
−|x−p| − 1) and v(x, t) = a2 sgn(x− q) (e
−|x−q| − 1), with
constants a1a2 6= 0, and Ab := [(−1)
bab2 − a
b
1]/a
b
1, then
(p− q)′ = (−1)b+1 ab1Ab sgn(p− q)
b (e−|p−q| − 1)b. (9)
Proof. Similarly as in the Corollary 1, system (8) becomes
p′ = −ab2
(
sgn(p− q) (e−|p−q| − 1)
)b
, q′ = (−1)b+1ab1
(
sgn(q − p) (e−|q−p| − 1)
)b
. (10)
The result follows after little effort from the fact that (p−q)′ = [−ab2+(−1)
b ab1]
(
sgn(p− q) (e−|p−q| − 1)
)b
.
Corollary 3. If ab1 = (−1)
b ab2, then the pair
p = −ab2 (sgn(x0) (e
−|x0| − 1))b t+ x0, q = −a
b
2 (sgn(x0) (e
−|x0| − 1))b t (11)
is a solution of the system (10), where x0 ∈ R.
Proof. It follows from the hypothesis that Ab = 0. Then, equation (9) implies that p = q + x0, where
x0 is a constant of integration. Solving the system (10) we obtain the desired result.
3 Discussion and Conclusion
In Theorem 1 we carried out the group classification of system (1). With exception of the case b = 1,
the symmetries of (1) are reduced to translations in x, t and the scaling (x, t, u, v) 7→ (x, e−ǫbt, eǫu, eǫv).
Likewise the classification given in [1] (see Proposition 1.1), case b = 1 is somewhat special when the
symmetries are taken into account.
It is worth emphasising that system (1) also admits other symmetries such as (x, t, u, v) 7→
(−x,−t, u, v), (x, t, u, v) 7→ (x, t, v, u), which reflects the fact that it is symmetric with respect to
4
the dependent variables, (x, t, u, v) 7→ (x, t,−u,−v), if b is even, and (x, t, u, v) 7→ (x,−t,−u,−v)
provided that b is odd.
Some 1-peakon solutions can be obtained by using Corollary 1 and the symmetries mentioned in
the two previous paragraphs. For instance, if we assume that q = Q and b is even, then we have
the solutions u = −v = c1/be−|x−ct+x0| or u = v = c1/be−|x−ct+x0|. The latter pair of functions also
provides a solution in the case b = 1, 3, 5 · · · .
With respect to kinks, observe that if p = q in Corollary 2, then p and q are constants, which
means that the corresponding solution of system (1) is
u = c sgn(x− k)(e−|x−k| − 1), v = c˜ sgn(x− k)(e−|x−k| − 1), (12)
which is stationary. This remark shows that the coupled system (1) maintains the property of having
stationary 1-kink solutions that was already known for the 0−HS equation, see [14]. Actually, in the
same work, the authors showed that the equation would only admit a weak 1-kink of the form (7) if it
is stationary. We, however, present a dramatic difference between the 0−HS equation and the 0−HS
system (1). We shall exhibit a non-stationary weak 1-kink solution for the system.
Corollary 3 provides an immediate solution of the 1-kink case, verily,
u(x, t) = a1 sgn(x− p)(e
−|x−p| − 1), v(x, t) = a2 sgn(x− q)(e
−|x−q| − 1), (13)
where p and q are given by (11). Observe that if we choose x0 = 0 in (11) we would then obtain
p = q = 0, which would provide again a stationary solution, a result totally in agreement with that
found in [14]. On the other hand, if we chose x0 6= 0, from (11) we conclude that p and q depends on
t and, consequently, (13) are 1-kink solutions of the 0−HS system depending on t.
System (1) is a sort of multicomponent extension of the equations considered in [1, 4, 5] when the
“corresponding stretching” is neglected. As a consequence of this assumption, and similarly to [14],
we note the emergence of weak kink solutions, although there are different behaviours of the 1-kink
solutions of the system when compared to those of the scalar equation considered in [14]. Similarly to
what happened in [3] and references thereof, in our case we see that the system seems to have more
interesting and challenging properties than the scalar equation. This shows that multicomponent
generalisations of the equations considered in [10] may have fascinating and unexpected properties to
be analysed.
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